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Two kinds of statistical properties of dynamical-triangulated manifolds (DT mfds) have been investigated. 
First, the surfaces appearing on the boundaries of 3D DT mfds were investigated. The string-susceptibility 
exponent of the boundary surfaces (7st) of 3D DT mfds with topology near to the critical point was obtained 
by means of a MINBU (minimum neck baby universes) analysis; actually, we obtained yst ~ —0.5. Second, 3 and 
4D DT mfds were also investigated by determining the string-susceptibility exponent near to the critical point 
from measuring the MINBU distributions. As a result, we found a similar behavior of the MINBU distributions 
in 3 and 4D DT mfds, and obtained 7^^' ~ 7^^' ~ 0. The existence of common structures in simplicial quantum 
gravity is also discussed. 



1. Introduction 

The development of simplicial gravity started 
with the 2D case, and has now reached the point 
of simulating the 4D case. The scaling structures 
of boundaries in 2,3 and 4D Euclidian space-time 
using the concept of the geodesic distance have 
been investigated ||l|-^. Concerning the analogy 
of the loop- length distribution in 2D [Q , the scal- 
ing relations of the boundary surface-area distri- 
bution in 3D and the boundary-volume distribu- 
tion in 4D have been shown near to the critical 
point If. 

First, we are concerned with the surfaces ap- 
pearing on boundaries in 3D DT mfds with 
topology. We actually investigated the relation 
between the boundary surfaces of 3D simplicial 
quantum gravity (SQG) and the random surfaces 
of 2D SQG. In order to investigate the statistical 

quantities of these boundary surfaces, we measure 

(2) 

the string-susceptibility exponent {jst ) of the 
boundary surface of 3D DT mfds by means of a 
MINBU0] analysis. We denote 7^^'' as the string- 
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Figure 1. Schematic picture of an analysis of the 
boundaries in 3 and 4D DT mfds with jst and ^st ■ 

susceptibility exponent of the boundary surfaces 
in (d -I- 1)D DT mfds. Fig.l shows a schematic 
picture of the boundary surfaces at a distance d 
in 3 and 4D DT mfds. We naively expected equiv- 
alence between the boundary surfaces of 3D DT 
mfds and the random surfaces on 2D DT mfds. 

Second, we investigated the structures of 3 
and 4D DT mfds ||] by measuring the stan- 



dard MINBU distributions, and obtain the string- 
susceptibility exponents {jg^^ and "f^^^). We 
found the fact that jlf^ w 7^4-' w 0. The aim 
of this short paper is to discuss the existence of 
common structures in simphcial quantum gravity. 

2. Models 

We start with the Euchdean Einstein-Hilbert 
action in d-dimcnsional SQG, 

Seh[A,G] = Jd'^^iA~^R), (1) 

where A is the cosmological constant and G is 
Newton's constant. We use the lattice action, 

^'Lluice[''^d.-2,Kd\ = KdNd - Kd-2^rf-2, (2) 

where Kd-2 and Kd are coupling constants. Ni 
denotes the number of i-simplexes. The lattice 
actions in 2,3 and 4D SQG are as follows: 

S^^^[k2]^K2N2 {2D), (3) 
S^^\k3,ki]^ i^sNs- KiNi (3-0), (4) 

5(4)[k4,K2] =«;4iV4-K2^2 (47^). (5) 

We consider a partition function, 

Z{Kd^2,^d) = Y.'''''^^""'''"^- 
T{d) 

We sum over all simplicial triangulations {T{d)) 
in order to carry out a path integral about the 
metric. 

3. Analysis of Boundaries 

We now consider the boundary surfaces of 3D 
DT mfds with topology. The boundary sur- 
faces are located at a distance d from the origin. 
The mother boundary surface is defined as the 
surface with the largest tip volume |6). It is re- 
ported that the non-trivial scaling behavior of the 
surface area distribution of the mother boundary 
surface in 3D SQG has been shown to exist near 
to the critical point[p. Therefore, we concentrate 
on the mother boundary surface for the measure- 
ments. 



3.1. String-Susceptibility Exponent of the 
Mother Boundary in 3D SQG 

We now show how to measure jst of bound- 
ary surfaces having different sizes. Suppose that 
the spherical boundary surfaces are obtained; we 
can then use the MINBU algorithm to measure 
7st- In the case that the topology of the bound- 
ary surface is not spherical, but is a handle-body, 
such as a torus, the standard MINBU algorithm 
does not work well. Therefore, we have concluded 
that we should concentrate on spherical bound- 
ary surfaces. Fig. 2 shows a measurement of the 
mother spherical boundary MINBU distributions 
of 3D DT mfds with iVg = 16K. The lower 
limit of the volume of the boundary surfaces is 

(2) 

400. Our numerical result shows jlf' « —0.5. 
In 2D SQG with topology, the exact calcula- 

(2) 

tion of the string-susceptibility exponent (7^^ ) is 

(2) 

well-known to be 7^^ — —0.5. We find a cor- 
respondence between the string susceptibility of 
the mother spherical boundary surfaces in 3D DT 
mfds and that of 2D DT mfds. Therefore, we have 
obtained evidence of an equivalence between the 
boundary surfaces of 3D SQG and the random 
surfaces of 2D SQG. When these boundary sur- 
faces can be recognized as the surfaces of the ma- 
trix model, 3D DT mfds can be reconstructed by 
direct products of random surfaces of 2D QG and 
the geodesic distance. 

4. String-Susceptibility Exponents in 3 
and 4D SQG 

The standard MINBU algorithms are not avail- 
able for the case of the handle-body in an ar- 
bitrary dimension. It is not easy to choose 3D 
spherical boundary mfds in 4D DT mfds, because 
we cannot use the Euler's characteristic in 3D 
in order to distinguish the topologies of 3D DT 
mfds. It is therefore difficult to determine Yst 
of the boundary mfds in 4D DT mfds by means 
of the MINBU technique due to the reason men- 
tioned above. However, we can compare it with 
the string-susceptibility exponents in 3 and 4D 
DT mfds. Fig.3 shows the MINBU distributions 
of 3D DT mfds with N3 = 16K near to the crit- 
ical point (ko = 4.09 and K3 ~ 2.20). We then 
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Figure 2. Boundary MINBU distributions in 
terms of the spherical boundary surfaces in 3D 
DT mfds at a distance of 10 with N3 = 16K using 
log — log scales. The dots represent the raw-data 
points. 

obtained « of 3D DT mfds by a MINBU 
analysis. Moreover, the standard Minbu distri- 
butions of 4D DT mfds are measured near to the 
critical point; we actually obtained the string- 



susceptibility exponent as 7 



(4) 



0. 



5. Summary and Discussions 

The space-time structures in 2 and 3D SQG 

were investigated using a boundary analysis by 

means of a MINBU analysis. We have obtained 

evidence of an equivalence between the boundary 

surfaces of 3D SQG and the random surfaces of 

(2) (2) 

2D SQG with numerical results, — . Fur- 
thermore, we obtained the string-susceptibility 
exponents: both « in 3D SQG near to the 
critical point (belonging to the strong-coupling 
phase) and 7^4^ « in 4D SQG near to the 
critical point (belonging to the strong-coupling 
phase). In the 3D case, we conjecture the rela- 
tion 7g('' ~ where ^If' is obtained from the 
boundary mfds in 4D DT mfds. If the above con- 
jecture is correct, the higher dimensional SQG 
(i.e., 3 and 4D SQG) can be reduced to the lower 
dimensional SQG (maybe 2D SQG). Some similar 
discussions are found in ref.7. 
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Figure 3. Standard MINBU distributions in 3D 
DT mfds with = 16K using log — log scales. 
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